Abstract. A measurable function µ on the unit disk D of the complex plane with µ ∞ < 1 is sometimes called a Beltrami coefficient. We say that µ is trivial if it is the complex dilatation fz/f z of a quasiconformal automorphism f of D satisfying the trivial boundary condition f (z) = z, |z| = 1. Since it is not easy to solve the Beltrami equation explicitly, to detect triviality of a given Beltrami coefficient is a hard problem, in general. In the present article, we offer a sufficient condition for a Beltrami coefficient to be trivial. Our proof is based on Betker's theorem on Löwner chains.
Introduction
Let k be a number with 0 ≤ k < 1. A homeomorphism f of a plane domain Ω onto another Ω ′ is called k-quasiconformal if f has locally integrable distributional derivatives f z = (f x − if y )/2 and fz = (f x + if y )/2 satisfying |fz| ≤ k|f z | almost everywhere (a.e.) on Ω. If k is not specified, f is simply called quasiconformal. It is well known that a homeomorphism f is k-quasiconformal if and only if f is ACL (Absolutely Continuous on Lines), i.e., f (x+ iy) is absolutely continuous in x for almost every (a.e.) y and absolutely continuous in y for a.e. x for any rectangle a ≤ x ≤ b, c ≤ y ≤ d contained in Ω and the partial derivatives satisfy |fz| ≤ k|f z | a.e. on Ω. See [1] or [7] for basic information about quasiconformal mappings. It is known that f z = 0 a.e. for a quasiconformal mapping f. 
is infinitesimally trivial if and only if
where A 1 (D) denotes the Bergman space on D; namely, the Banach space of integrable holomorphic functions on D. We refer to a monograph [6] by Gardiner and Lakic (more specifically, Theorem 6 in Chapter 6 therein) for a proof and some background. Earle and Eells [5] proved that M 0 (D) is a contractible C 0 -submanifold of M(D). However, not much is known for the structure of M 0 (D) so far. Difficulty in the study of M 0 (D) comes partly from the fact that there is no convenient criterion for a Beltrami coefficient on D to be trivial. It would be thus helpful to provide a method to construct a rich family of trivial Beltrami coefficients. One of such constructions is as follows. Let Γ be a torsion-free Fuchsian group acting on D such that the quotient Riemann surface D/Γ is biholomorphically equivalent to the thrice-punctured sphere X 0 = C \ {0, 1}. Let ∆ be a fundamental domain in D for Γ whose boundary is of area zero, and consider the Beltrami coefficient
because the thrice-punctured sphere X 0 is rigid (i.e., it has no moduli). The author learnt this from Katsuhiko Matsuzaki and would like to thank him for it. This is an interesting construction but the resulting ν is complicated.
The main purpose of the present article is to give a simple sufficient condition for µ ∈ M(D) to be trivial. To this end, we recall some basic facts about Hardy spaces of harmonic and holomorphic functions. We refer the reader to the standard textbook [4] on this matter.
Let h ∞ denote the complex Banach space consisting of bounded complex-valued harmonic functions on D with the supremum norm · ∞ . It is well known that each function u ∈ h ∞ has a radial limit u * (e iθ ) = lim r→1 − u(re iθ ) for a.e. θ ∈ R. Conversely, through the Poisson integral, each essentially bounded (complex-valued) function U ∈ L ∞ (T) on the unit circle T has a unique harmonic extension u to D in such a way that U = u * a.e. on T. Note that U ∞ = u ∞ . Therefore, the mapping τ :
consisting of boundary values of bounded holomorphic functions on D.
For a given µ ∈ M(D),
In other words, ψ t (z) is the Poisson integral of U t (e iθ ) for t ≥ 0. Moreover, the function Ψ(z, t) = ψ t (z) on D × [0, +∞) is harmonic in z for a.e. t and measurable in t for every z with |Ψ(z, t)| ≤ k. Conversely, if such a function Ψ(z, t) = ψ t (z) is given, then µ(z) = (z/|z|) 2 ψ * − log |z| (z/|z|) belongs to M(D) and satisfies µ ∞ ≤ k. Our main result is now stated as follows. Example 2. Let N be a positive integer. We choose essentially bounded measurable functions a j (t) in t ≥ 0 and bounded holomorphic functions ϕ j (z) in |z| < 1 for j = 1, . . . , N so that
extends to the bounded holomorphic function a j (t)ϕ j (z) on D for a.e. t ≥ 0, Theorem 1 implies that µ ∈ M 0 (D).
For example, when N = 2, a 1 (t) = (1 + i)/10 for t > log 2, a 1 (t) = (−2 + i)/10 for 0 < t < log 2, ϕ 1 (z) = (sin z/z) 2 , a 2 (t) = e −i log t /5, ϕ 2 (z) = (z − 2/3)/(1 − 2z/3), we compute f = w µ numerically in Figure 1 . We observe that the boundary values are close to those of the identity map. This picture was created by Hirokazu Shimauchi based on the method given in his joint paper [9] with M. Porter. We note that their normalisation conditions are f (0) = 1 and f (1) = 1 for a quasiconformal automorphism of D. By the property w µ (0) = 0 for µ ∈ M a (D), their method works without renormalisation. As a special case of Theorem 1, we have the following result. Proof. Since U t (ζ) = ζ −2 µ(ζe −t ) = e −2t ϕ(ζe −t ) extends to the holomorphic function e −2t ϕ(ze −t ) on D for each t ≥ 0, the assertion follows from Theorem 1. 
Betker's theorem and proof of the main theorem
In the proof of our main theorem, Betker's idea in [2] plays a cruicial role. We now recall Betker's result. Let ω t (z) = ω(z, t), t ≥ 0, be a family of holomorphic functions on the unit disk D. It is called an inverse Löwner chain if
We say that q(z, t) = q t (z) is a measurable family of holomorphic functions on D if it is holomorphic in z ∈ D for a.e. t ∈ [0, +∞), and measurable in t ≥ 0 for each z ∈ D. As in the case of usual Löwner chains, one can show that ω(z, t) is absolutely continuous in t for each z and it satisfies the partial differential equation
for a measurable family of holomorphic functions q(z, t) = q t (z) on D with Re q t > 0 on D for a.e. t ≥ 0, whereω = ∂ω/∂t and ω ′ = ∂ω/∂z. Conversely, suppose that a measurable family q t (z) = q(z, t) of holomorphic functions on D with Re q t > 0 is given. If furthermore
then there is an inverse Löwner chain ω t (z) = ω(z, t) satisfying (2.1) and ω(z, 0) = z for z ∈ D (see [2, Lemma 1]). Note that ω(0, t) = ω(0, 0) = 0 for t ≥ 0 in this case. The proof of our main theorem will be based on the following lemma, which was used by Betker to prove his main result in [2] .
Lemma 4 (Betker [2, Lemma 2]). Let 0 ≤ k < 1 be a constant. Suppose that q(z, t) = q t (z) is a measurable family of holomorphic functions on |z| < 1 satisfying
ω t has a continuous and injective extension ω * t to D for each t ≥ 0. Moreover, the following mapping f : C → C is k-quasiconformal:
We will also make use of the following lemma (see Theorem 5.2 of Chapter IV in [7] ).
Lemma 5. Let f n , n = 1, 2, . . . , be a sequence of k-quasiconformal mappings on a plane domain Ω. Suppose that f n converges to a quasiconformal mapping f on Ω locally uniformly and that the complex dilatation µ n of f n converges to a measurable function µ ∞ a.e. on Ω. Then the complex dilatation µ of f coincides with µ ∞ .
We are now ready to show our main theorem.
Proof of Theorem 1. Let µ ∈ M(D) with µ ∞ ≤ k < 1 and set U t (ζ) = ζ −2 µ(e −t ζ) for ζ ∈ T and t ≥ 0. Suppose that U t = ψ * t for ψ t ∈ H ∞ for a.e. t ≥ 0. We define a measurable family of holomorphic functions on D by
Since |ψ t | ≤ k on D for a.e. t ≥ 0, we see that |(q(z, t) − 1)/(q(z, t) + 1)| = |ψ t (z)| ≤ k for z ∈ D and a.e. t ≥ 0. Lemma 4 now yields that there is an inverse Löwner chain ω t , 0 ≤ t < +∞, satisfying ω 0 = id D , the equation (2.2) and that ω t is continuous and injective on D. Moreover, the function f given by (2.3) is a k-quasiconformal mapping of C onto itself. Note that f maps D onto itself and that f = id on T. We also note that f (0) = 0 by Lemma 4. Hence, the complex dilatation
. We now find a form of the complex dilatation of f (z) = ω * (ζ, t) with z = ζe −t , t ≥ 0. Since it is not clear that ω * (ζ, t) = ω * t (ζ) is absolutely continuous in ζ ∈ T for a.e. t ≥ 0, we have to take a standard approximation procedure. Let r n , n = 1, 2, . . . , be a strictly increasing sequence of positive numbers converging to 1 and set q n (z, t) = q(r n z, t) and ω n (z, t) = r −1 n ω(r n z, t), z ∈ D, t ≥ 0. Then ω n is a solution to the inverse Löwner equationω n (z, t) = −zω ′ n (z, t)q n (z, t) for |z| < 1/r n and t ∈ [0, +∞) \ E n , where E n is a set of linear measure zero. Put E = ∪ n E n . Then E is again of linear measure zero. Let f n be the k-quasiconformal mapping constructed with ω n in Lemma 4. By introducing the logarithmic coordinates w = t + iθ = − log z, we consider the function
on Re w > log r n . Then, in view of (2.2), we obtain
n (e −iθ , t) ω n (e −iθ , t) − e −iθ ω ′ n (e −iθ , t) = −q n (e −iθ , t) + 1 −q n (e −iθ , t) − 1 = ψ t (r n e −iθ )
for θ ∈ R and t ∈ (0, +∞) \ E. Therefore, µ[f n ](ζe −t ) = ζ 2 ψ t (r n ζ) for ζ ∈ T, t ∈ (0, +∞) \ E.
Letting n → ∞, we observe that for each t ∈ (0, +∞) \ E, µ[f n ](ζe −t ) tends to ζ 2 U t (ζ) = µ(ζe −t ) for a.e. ζ ∈ T. In other words, for each r ∈ (0, 1) with − log r / ∈ E, g n (re iθ ) tends to 0 for a.e. θ ∈ [0, 2π], where g n (z) = |µ[f n ](z) − µ(z)|. Since the complex dilatations are essentially bounded by 1, Lebesgue's convergence theorem ensures that In particular, g n → 0 in measure on D as n → ∞. By a theorem of F. Riesz, we conclude that g n j → 0 a.e. on D; in other words, µ[f n j ] → µ a.e. on D as j → ∞ for a subsequence n j (see, for instance, [3, Theorem 2.2.5]). Hence, Lemma 5 implies that the complex dilatation of f is equal to µ. We now conclude that µ = µ[f ] ∈ M 0 (D).
